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Abstract. We show that the relative Auslander-Buchweitz context on 
a triangulated category T coincides with the notion of co-t-structure 
on certain triangulated subcategory of T (see Theorem 13.8p . In the 
KruU-Schmidt case, we stablish a bijective correspondence between co- 
t-structures and cosuspended, precovering subcategories (see Theorem 
13.1111 . We also give a characterization of bounded co-t-structures in 
terms of relative homological algebra. The relationship between silt- 
ing classes and co-t-structures is also studied. We prove that a silting 
class u) induces a bounded non-degenerated co-t-structure on the small- 
est thick triangulated subcategory of T containing u). We also give a 
description of the bounded co-t-structures on T (see Theorem 15.101 1. 
Finally, as an application to the particular case of the bounded derived 
category D''('H), where 'H is an abelian hereditary category which is 
Hom-finite, Ext-finite and has a tilting object (see 1101 ), we give a bi- 
jective correspondence between finite silting generator sets uj = add {uj) 
and bounded co-f-structures (see Theorem l6.7l l. 



1. Introduction. 

In [TT], Hashimoto defined the "Auslander-Buchweitz context" for abehan 
categories, giving a new framework to homological approximation theory. The 
starting point of Hashimoto's work is the theory of approximations in abelian 
categories developed by Auslander and Buchweitz in [1], which has been a 
starting point for performing relative homological algebra with respect to 
suitable subcategories, with applications ranging from the study of Cohen- 
Macaulay modules over commutative rings, to tilting theory, the theory of 
quasi-hereditary algebras and reductive groups, the study of homological con- 
jectures for finite dimensional algebras, and many other topics. On the other 
hand, in [5] , Beligiannis generalizes to exact categories the fundamental work 
of [T]. In particular, foUowing Hashimoto's ideas, he introduces the Auslander- 
Buchweitz context for exact categories, which are more general than abelian 
ones. 
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In the case of mod (A) (the category of finitely generated modules over an 
artin algebra A), it is important to mention the work of Auslander and Reiten 
in [5] . They studied the notion of approximations of modules using tilting and 
cotilting modules, and showed that there is a bijective correspondence between 
the basic cotilting modules in mod (A), and certain precovering subcategories 
X of mod (A) . The main aim in 2 is to explore the connection between various 
aspects of tilting theory and the theory of cotorsion pairs in mod ( A) . 

As we mentioned before in [Tl], abelian categories used to be the proper 
context for the study of homological algebra. But recently, triangulated cat- 
egories entered into the subject in a relevant way. In |14| . an analogue of 
Auslander-Buchweitz approximation theory is developed. 

The main aim of the present paper is to explore, in the setting described in 
[T4] . results analogous to the results of Auslander- Reiten in connection with 
various aspects of tilting theory and the theory of co-f-structures. To do that, 
we use the notions and machinery of |14| . concentrating our study to the 
relations between Auslander-Buchweitz contexts in a triangulated category 7" 
and co-t-structures defined on T . 

The notion of co-f-structure was recently introduced independently by 
Pauksztello (Tü] and Bondarko 6 (under the name "weight structures"). This 
notion seems to be important, and one reason for this is that they provide 
important Information in a triangulated category T allowing the existence 
of nice "weight" decompositions and filtrations. Furthermore, co-i-structures 
provide examples of torsion theories in KruU-Schmidt triangulated categories 
in the sense of lyama and Yoshino [12] . 

Throughout this paper, 7" denotes an arbitrary triangulated category. Given 
a class X of objects of 7", the smallest triangulated (respectively, smallest 
thick) subcategory of T containing X is denoted by A7-(A') (respectively, 

The paper is organized as foUows. In Section 1, we recall, from [T3], some 
notions about the Auslander-Buchweitz approximation theory that will be 
useful in this paper. 

In Section 2, we show that the notion of relative Auslander-Buchweitz con- 
text for triangulated categories 7" coincides with the notion of co-t-structure 
on ^--f^X) (see Theorem 13.8p . In particular, an Auslander-Buchweitz con- 
text is the same as a bounded below co-t-structure. Moreover, we establish a 
bijective correspondence between the relative Auslander-Buchweitz contexts 
{X^y^ on T and the class of pairs (<-f,a;) such that X is cosuspended and w 
is an A'-injective weak-cogenerator in X (see Theorem 13. lip . 

In Section 3, we focus our attention on bounded, faithful and non-degenerate 
co-t-structures. A characterization of bounded co-i-structures, in terms of rel- 
ative homological algebra, is also given. Furthermore, a relationship between 
the different types of co-i-structures is also established (see Theorem I4.20p . 
We also provide, on one hand, a relationship between several subcategories 
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attached to co-<-structures; and on the other hand, some relations between 
relative homological dimensions. We finish the section with some results in- 
volving co-t-structures and the notion of categorical cogenerator. 

In Section 4, we study the relationship between co-i-structures and silt- 
ing classes. In this section, we estabhsh a bijective correspondence between 
sihing classes in T and bounded co-t-structures on the thick subcategory of 
T generated by the silting class (see Corollarv l5.8|) . Furthermore, we give a 
characterization of the bounded co-t-structures on T (see Theorem 15. lOp . 

In Section 5, we apply the results, obtained in Section 4, to the particular 
case of the bounded derived category D''(?^) where Ti. is an abelian hereditary 
category which is Hom-finite, Ext-finite and has a tilting object. We give a 
bijective correspondence between finite silting generator sets uj — add (w) and 
bounded co-t-structures (see Theorem l6.7|) . As a nice consequence, we get that 
any bounded co-t-structure on T)^{T-L) has two companions as t-structures: one 
on the left and the other on the right. That is, any bounded co-t-structure on 
D''(H) is always left (respectively, right) adjacent to a t-structure on T)''{'H) 
in the sense of [6] 

Note that in [6], the author studies co-t-structures on triangulated cate- 
gories with arbitrary coproducts (his notion of "negative subcategories" cor- 
respond to our notion of silting). In this context, he proves that any silting 
subcategory lo provides a co-t-structure on the smallest triangulated subcat- 
egory of T closed under arbitrary coproducts and containing w. Our result 
fTheorem 15. 5|) . which is proved using relative homology techniques, is the 
analogue for thick subcategories containing w, to the Theorem 4.3.2 in [6] 
which was proved with different techniques. 



2. Preliminaries 

Throughout this paper, T will be a triangulated category and [1] : T ^ T 
its Suspension functor. 

In this paper, when we say that C is a subcategory of T, it always means 
that C is a füll subcategory which is additive and closed under isomorphisms. 
For a class X of objccts of T, we denote by add {X) the smallest subcategory 
of T containing X, closed under finite direct sums and direct summands. 

For some classes X and y of objects in T, we write ^X := {Z ^ T : 
}louir{Z,-)\x = 0} and X^ := {Z e T : ilomr{-,Z)\x = 0}. We also 
recall that X * y denotes the class of objects Z G T for which there exists a 
distinguished triangle X ^ Z ^ Y ^ X[l] in T with X e X and Y e y. 
Furthermore, it is said that X is closed under extensions ii X * X C X. 

Recall that a class X of objects in T is said to be suspended (respectively, 
cosuspended) if X[l] C X (respectively, -^[—1] X) and X is closed under 
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extensions. Observe that a suspended (respectively, cosuspended) class X, of 
objects in T, is a subcategory of T (see [Mj Lemma 2.1 (b)]). 

Given a class X of objects in T, it is said that X is closed under cones 
if for any distinguished triangle A ^ B ^ C A[l] in T with A, B G 
X we have that C G X. Similarly, X is closed under cocones if for any 
distinguished triangle A ^ B ^ C ^ A[l] in T with B,C £ X we have that 
AeX. 

Let X he a, class of objects of T- We denote by Ux (respectively, xl^) the 
smallest suspended (respectively, cosuspended) subcategory of T containing 
the class X. Note that if X is suspended (respectively, cosuspended) subcat- 
egory of T, thcn X = Ux (respectively, X = xU). We also recall that a 
subcategory U of T, which is suspended and cosuspended, is called a tri- 
angulated subcategory of 7". A thick subcategory of T is a triangulated 
subcategory of T which is closed under direct sunimands in T . The smallest 
triangulated (respectively, smallest thick) subcategory of T containing X is 
denoted by /^^-[X) (respectively, /S.q-{X)). 

We recall the following well known definition (see, for example, [7] and [8]). 

Definition 2.1. Let X and y be classes of objects in a triangulated category 
T. A morphism f : X C in T is said to be an <Y-precover of C if X d X 
and RomriX'J) : Homr(X',X) Romr{X',C) is surjective VX' £ X. If 
any C G 3^ admits an X -precover, then X is called a precovering class in y. 
By dualizing the definition above, we get the notion of an ^Y-preenveloping of 
C and a preenveloping class in y. Finally, it is said that X is functorially 
finite in T if X is both precovering and preenveloping in T- 

Now, we recall from |14|, the following definitions. For a more completed 
discussion and properties of such notions, we suggest that the reader see [2]. 

Definition 2.2. [14j Let X be a class of objects in T. For any natural num- 
ber n, we introduce inductively the class £n{X) as follows: Sq{X) := X and 
assuming defined e^_i{X), the class £^(<%') is given by all the objects Z E T 
for which there exists a distinguished triangle in T 

Z[-l] > W > X > z 

with W e e^_-i^{X) and X £ X. 

Dually, we set eQ{X) :— X and assuming defined £^_]^(A'), the class s]f^{X) 
is formed for all the objects Z £ T for which there exists a distinguished 
triangle in T 

Z f X > K > Z[l\ 

with K G e^^_i{X) and X G X. We also introduce the following classes 
X"" := U„>o e^iX), X"" := U„>o e^(A') and X~ [X'^y . 
For the convenience of the reader, we include the following remark from 
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Remark 2.3. [Hl Remark 3.6 (2)] Let {y,uj) be a pair of classes of objects in 
T with Lo Qy. Ify is closed under cones (respectively, cocones) then uj^ C y 
(respectively, ^3^/ Indeed, assume that y is closed under cones and let 
M € uj^. Thus M e e!^{uj) for some n e N. // n = then M € oj cy. Let 
n > 0, and hence there is a distinguished triangle A/[— 1] K ^ Y M 
in T with K G e^_i{uj) and Y ^y. By induction K E y and hence M € y 
since y is closed under cones; proving that uj^ C y. 

In what foUows, to deal with the (co) resolution, relative projective and 
relative injective dimensions, we consider the extended natural numbers N := 
N U {oo}. Here, we set the following rules: (a) x + oo = oo for any x G N, and 
(b) a; < cxD for any x G N. Finally, we declare, by definition, that the minimum 
of the empty set is oo. That is, min(0) := oo. 

Definition 2.4. [T^ Let X be a class of objects in T, and let M E T- The 
A" -resolution dimension of AI is 

resdiniA'(M) := min{n G N : M G 

Dually, the A:'-coresolution dimension of M is 

coresdini;ir(A^) := min{n G N : Af G e'^{X)}. 

The following result, and its dual version, will be used in Section 2. 

Theorem 2.5. [141 Theorem 3.5] For any cosuspended subcategory X of T 
and any object C G T, the following statements hold. 

(a) resdim;t(C') < n if and only if C G X[n]. 

(b) A'^ =U„>oA'[n] = ArW. _ 

(c) If X is closed under direct summands in T, then X^ — A7-(A'). 

For the convenience of the reader, we include the dual version of 12.51 

Remark 2.6. For any suspended subcategory y of T and any object C eT, 
the following statements hold. 

(a) coresdimj;(C) < n if and only if C E y[—n]. 

(b) y"" = u„>o y[-n] = Ariy). _ 

(c) If y is closed under direct summands in T, then — A-j-{y). 

We recall the notion of A:'-projective (respectively, A'-injective) dimension 
of objects in T- 

Definition 2.7. [14j Let X be a class of objects in T and M an object in T ■ 

(a) The A-projective dimension of M is 

pd^t-W := min{n G N : Homr(M[-i], -) U= 0, Vi > n}. 

(b) The A-injective dimension of M is 

idx{M) := mm{n G N : Hom7-(-, M[i]) \x= 0, \/i > n}. 
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Definition 2.8. jl4j Let {X,uj) he a pair of classes of objects in T. 

(a) Lj is a weak-cogenerator in X, if lu Q X C X[—l] * ui. 

(b) uj is a weak-generator in X, if oj C X C oj * X[l]. 

(c) Lj is A'-injective if idx{(^) — 0; and dually, oj is A'-projective if 
pd;^{oj) = 0. 

3. Relative Auslander-Buchweitz context and co-t-STRUCTURES 

In this section, we give the notion of the (relative) Auslander-Buchweitz 
context for a triangulated category 7", relating this notion with the concept 
of co-i-structure. 

Definition 3.1. [6l I15j A pair {A,B) of subcategories in T is said to be a 
co-t-structure on T if the following conditions hold. 

(a) A and B are closed under direct summands in T ■ 

(b) A[-l] C A and B[l] C B. 

(c) Homr(ythl],ß) 0. 

(d) T^A[-l]*B. 

We will make use of the following result, stated by D. Pauksztello in [TS]. 

Proposition 3.2. 15, Proposition 2.1] Let {A,ß) be a co-t-structure on T. 
Then, the following statements hold. 

(a) -4[— 1] is a precovering class in T. 

(b) B is a preenveloping class in T. 

(c) A[-l] = ^B and B ^ A^[-l]. 

(d) A and B are closed under extensions. 

Lemma 3.3. Let {A^ B) be a co-t-structure on 7", and y be a class of objects 
in T . Then, the following statements hold. 

(a) id^([V) < n if and only if y ^ B[—ri\. 

(b) pdß(3^) < n if and only if y ^ A[n]. 

Proof. (a) By [Ml Lemma 4.2], we get the equivalence: id^(3^) < n if and 
only if 3^ C _^U^[—n— 1]. Therefore, since (.4, B) is a co-t-structure, it follows 
from[321(c), that ^^/^[-n - 1] = B[-n]. 
(b) It is dual to (a). □ 

The following result states that, for a co-t-structure {A, B) on T, the class 
to := An B is an ^-injective weak-cogenerator in A] and moreover, uj is also 
a ß-projective weak-generator in B. Note that oj = add (uj). 

Proposition 3.4. Let {A,B) be a co-t-structure on T, and let oj -.^ Af) B. 

Then, the following statements hold. 

(a) id^(ß) = and AC A[-l] * uj. 
(h)pdßiA)^0 and BCüj*B[1]. 
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Proof. Bv l3.31 it foUows that idyt(ß) = = pdß(^). To see the inclusion in 
(a), let C ^ A. Then, bv 13.11 fd). we have a distinguished triangle C ^ C ^ 
C" C"[l] in r with C" G ^[-1] and C" G B. Hence, by[SJ(d), it foUows 
that C" ^ Ar\B = uj\ proving that A C ^[-1] * lü. 

Bv l3.11 for any X e T, there is a distinguished triangle A X ^ B[l\ 
A\\\ in T with A ^ A and B ^ B. Moreover, in the case X ^ B, it follows 
from the preceding triangle that A ^ ACiB = cü; getting us that B C cü * B[l]. 
□ 

We will show the relation between the notions of cosuspended (respectively, 
suspended) subcategories X, weak-cogenerator (respectively, weak-generator) , 
A'-injective (respectively, A'-projective) and co-t-structures on Aj-{X). We 
only State the results for the cosuspended case and omit those for the sus- 
pended case which can be proved by similar arguments. 

First, we show that any A'-injective weak-cogenerator in a cosuspended 
subcategory X — add(A') of T provides a co-i-structurc on A-j-{X) = X^. 

Theorem 3.5. Let {X,uj) be a pair of classes of objects in T which are 
closed under direct summands, X be cosuspended and lü be an X-injective 
weak-cogenerator in X. Then, the following statements hold. 

(a) The pair {X^ n -^{iü^)[l],uj^) is a co-t-structure on the triangulated 
category X^. 

(b) = A-^nA-^i-l], = A:'^n-L(w^)[l] and uj = XnX^[-l]. 

(c) If uj' is an X-injective weak-cogenerator in X, then uj = addw'. 

Proof. First note that X — xl^ since X is cosuspended. 

(b) From [H Proposition 5.9], we have that = A"^ n X^[-l] . By [H 
Proposition 5.2 (b)], it follows that lü = X r\ X^[—\\ since X is cosuspended. 
Moreover, by [H Theorem 5.10] it follows that X = X^ r\ -L(w^)[1]. 

(a) We have that = X^ n 1] is suspended and closed under direct 

summands. Therefore X'^ n ^(w^)[l] is cosuspended and closed under direct 
summands. So, in order to get that the given pair in (a) is a co-i-structure on 
the triangulated category X'^ , it is enough to see that X'^ = (A:'^n^(w^))*w'^. 
But this is a consequence of [M] Corollary 5.5 (b)] since 1] = X^r\^{Lü'^). 

(c) It follows from (b) and the fact that add (w') is an A'-injective weak- 
cogenerator in A". □ 

Remark 3.6. Let X — add [X) be a cosuspended subcategory ofT. Note that 
X nX^[—l] is X-injective. Moreover, from [^75[ we get that: If there is an X- 
injective weak-cogenerator uj = add (lü) in X then it is unique. Consequently, 
there is an X-injective weak-cogenerator lü — add {lü) in X if and only if 
X n A'^[— 1] is a weak-cogenerator in X. 

The Auslander-Buchweitz context for abelian categories was introduced by 
M. Hashimoto in [TT]. Inspired by that, we will introduce such a context 
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for a triangulated category T. To do so, we define the notion of a relative 
Auslander-Buchweitz context on T- Observe that the "relative Auslander- 
Buchweitz context" in triangulated categories is used for an analogue of what 
Hashimoto calls "weak Auslander-Buchweitz context" in abelian categories. 

Definition 3.7. Let {X , y) he a pair of classes of objects in T, and let lj := 
X C^ y. The pair {X, y) is said to he a relative Auslander-Buchweitz 

context on T if the following three conditions hold: 

(ABl) X is cosuspended and closed under direct summands in T- 

(AB2) y is suspended and closed under direct summands in T and y C X'^ . 

(AB3) Lü is an X-injective weak-cogenerator in X . 

The pair {X, y) is said to he an Auslander-Buchweitz context on T if 

(X, y) is a relative Auslander-Buchweitz context on T and X^ = T. 

Theorem 3.8. Let {X, y) he a relative Auslander-Buchweitz context on T 
and Lü := X r\y. Then, the following statements hold. 

{&) üJ = X C^ X^[-l] and uj^=y. 

(b) {X ^y) is a co-t-structure on the triangulated category X^ . 

Proof. (a) The first equality foUows from 13.51 Since ijJ Q y and y is 
suspended, it foUows from 12.31 that C J^. 

We assert that id;t(3^) = 0. Indeed, \etC ^y QX^. Hence, by [Hl Theorem 
5.4], we have a distinguished triangle Yc — > Xc — ?> C -t- Yc[l] in T with 
Xc e X and Yc e C y. Hence Xc & X r\y ^ uj and so i<lx{Xc) = 0. 
On the other hand, since idxiYc) — (see [Hl Proposition 5.2 (a)]), it 
foUows by [TT, Lemma 5.7] that id;f (C) = 0; proving the assertion. Finally, 
idA'(!y) ~ and the fact that X is cosuspended implies by [Ul Lemma 4.2] 
that 3^ C A-^ n ^--^[-1]. Therefore V C bvl^ 

(b) Since — y, we have that (b) foUows from 13.51 □ 

Given a class X of objects in T, we recall that Aq-{X) denotes the smallest 
thick subcategory of T containing the class X . 

Proposition 3.9. Let X and y he classes of ohjects in T such that the 
pair {X^y) is a co-t-structure on the triangulated category IS.q-i^X). Then, 
l^-j-[X) = X'^ and {X^y) is a relative Auslander-Buchweitz context on T. 

Proof. Bv l3.2l (d), we have that X is cosuspended and y is suspended. In 
particular, from l2.5l we conclude that Aj-{X) = X^. The fact that lj = Xny 
is an A'-injective weak-cogenerator in X, foUows from 13.41 fa). □ 

Now, we are in a position to state our main result in this scction. In order 
to do that, we introduce the following classes. 

Definition 3.10. For a given triangulated category T, we introduce the fol- 
lowing classes: 
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(a) Ci consists of all pairs [X , uj) of classes of objects in T, which are 
closed under direct summands, and such that X is cosuspended and lo 
is an X-injective weak-cogenerator in X. 

(b) C2 consists of all pairs {X, y) of classes of objects in T, which are a 
relative Auslander- Buchweitz context on T. 

(c) C3 consists of all pairs {X, y) of classes of objects in 7", which are a 
co-t-structure on /S.-t-{X). 

(d) C4 consists of all cosuspended subcategories X in T, which are pre- 
covering in X^ and X — add (X). 

An additive category C is said to be Krull- Schmidt if any object C in 
C has a finite decomposition C = Ci © C2 © • • • © C„ such that each Ci is 
indecomposable with local endomorphism ring. 

Let i? be a commutative artinian ring. We recall that an i?-hnear triangu- 
lated category T is said to be Hom-finite if Hom7-(X, Y) if a finite generated 
i?-niodule for any X,Y € T- 

Let A be an artin i?-algebra. It is well known that the bounded derived cat- 
egory D** (mod (A)) is a typical example of an i?-linear triangulatcd category 
which is KruU-Schmidt and Hom-finite. 

Theorem 3.11. LetT be a triangulatcd category. Then, the following State- 
ments hold. 

(a) C2 = C3 and the correspondence Ci — )> C2, {X^uj) 1— > {X ^y := lo^), 
is a bijection with inverse C2 — Ci given by {X,y) 1— > {X,lü := 

xny). 

(b) // T is an R-linear triangulatcd category which is Hom-finite and 
Krull- Schmidt, then the correspondence C4 — C3, X 1— {X,y := 

IJnA"^) is a bijection with inverse C4 — >■ C3 given by {X,y) 1— ^ 

X. 

Proof. (a) It follows from [331 ISlSl and [3Jl 

(b) Assume that 7" is a i?-lincar triangulatcd category which is Hom-finite 
and Krull- Schmidt. Let X £ C4. Since X is cosuspended and closed under 
direct summands in T, it follows from 12.51 that A^{X) = X^. On the other 
band, by [12, Proposition 2.3], we have that RomriX^X^ n X^) = and 
X"" ^ X* {X^ nX'^). Therefore 

x[-i] * ix^[-i] n A-^) = {X * {x^ n a'^))[-i] = ^"^[-1] = x"", 

getting US that {X, X^[-l] n A"^) e C3. 

Consider a pair {X, y) e C3. Then by EU ED and EU it follows that y = 
^"-^[-1] n X^. Moreover, since the pair (^[1], y[l]) is also a co-t-structure on 
Är{X), we have from lO that X e C4. Furthermore, since y = X^[-l]r\X^, 
it follows that the correspondence X i-t- {X, X-^[—l]r)X^) induces a bijection, 
with inverse {X,y) X, between the classes C4 and C3. □ 
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Corollary 3.12. There is a bijective correspondence X (X , A'y-{X) n 
1]) between cosuspended subcategories X = add (A:") of T such that 
Xr\X^[-~l] is a weak-cogenerator in X, and co-t-structures {X, y) on Aq-{X). 

Proof. It follows fromEHHandEH □ 

4. BOUNDED, FAITHFUL AND NON-DEGENERATE CO-t-STRUCTURES 

In this section we focus our attention on bounded, faithful and non-degenerate 
co-t-structures. We finish the section with some results involving co-t-structures 
and the notion of categorical cogenerator. 

Following the terminology for co-i-structures on triangulated categories 
given in [6], we recall the foUowing definition. 

Definition 4.1. Lei {A,B) be a co-t-structure on T- It is said that {A,B) 
is bounded below (respectively, bounded abovej ifönezA[n] = T 
(respectively, U„gzß[n] — T). So, the pair {A,B) is said to be bounded if 
it is bounded both below and above. 

Remark 4.2. From 1X31 and \2.6\. we haue that a co-t-structure {A,B) on T 
is bounded below (respectively, above) if and only if A^ = T (respectively, 
B'^ ^T). 

Corollary 4.3. There is a bijective correspondence X (-> A'-'- [— 1]) be- 
tween cosuspended subcategories X = add {X) of T such that X^ = 7" and 
X n 1] is a weak-cogenerator in X, and bounded below co-t-structures 

{X,y) on T. 

Proof. It follows from [3ll2] and 1121 □ 

Now, we prove some relationships between the relative homological dimen- 
sions attached to a co-t-structure. 

Proposition 4.4. Let {A,B) be a co-t-structure on T and lü Af^B. Then 

(a) pdß(M) = resdim^(M) and id^(Af) = coresdimß(M), VA/ £ T. 

(b) resdim^(M) = resdim„(M), VA// e w^. 

(c) coresdimß(A/) = coresdim^(A/), VA/ G o;^. 

Proof. By[Xl we know that B = A^[-l\ = and A = ^B[l] = 

-^Ub[1]. Hence, from [Ml Proposition 4.3], we get (a). Finally, (b) and (c) 
foUows from [141 Theorem 4.4] and its dual, and the item (a). □ 

The next result provides a relationship between several subcategories at- 
tached to co-t-structures. Furthermore, it characterizes the bounded below 
co-t-structures on T- We recall that w"^ := (i^^)^ for any class w of objects 

in r. 

Theorem 4.5. Let [A, B) be a co-t-structure on T and lo := An B. Then, 
the following conditions hold. 
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(a) lL=uj'' =AT\B and u^U = uj'' = B"" r\A. 

(b) Äriuj) = cü- = {C e ^'^ : id^(C) < 00} = {C £ : pde(C) < 
oo} = AT\B''. 

(c) The following conditions are equivalent: 
(cl) {A, B) is bounded below. 

(c2) BClü~. 
(c3) cj^ = ß. 
(c4) BCA"". 

Proof. (a) Since {A, B) is a co-t-structure on T, we obtain from 13.41 that 
uj is an ^-injective weak-cogenerator in A. Therefore, the first equalities in 
(a) foUows from [14, Proposition 5.9], and the second ones can be proven by 
dualizing [Hl Proposition 5.9]. 

(b) It foUows from [Ml Theorem 5.16] and its dual. 

(c) (cl) =^ (c3) Let A'^ =T {seeEM- Thon, bylSH it foUows that {A,B) 
is an Auslander-Buchweitz context on T. Hence B = oj^ by 13.81 

(c3) ^ (c2) Assume that B = oj^. Since C w"", we get that B C w'". 

(c2) ^ (cl) Suppose that B C a;~. We assert that T = A^. Indeed, since 
{A,B) is a co-f-structure on T, we have that T = 1] * 1] = {A * 

^-'-)[— 1]; and so 7" = ^ * -4^. Thus for any C G T there is a distinguished 
triangle Z[-l] A ^ C ^ Z in T with A e A a,nd Z € A^. But Z[-l] € 
A^[-l] = B C iü-- C A"" by (b); proving that C eA"". 

(c3) <^ (c4) It foUows from the equahty uj^ ^ A^ n B (see (a)). □ 

The results for bounded above co-f-structures can be stated and proved. 
To give an example, we give the foUowing characterization of bounded above 
co-i-structures. 

Remark 4.6. Let {A,B) be a co-t-structure on T and uj := AHB. Then, the 
following conditions are equivalent: 

(a) [A, B) is bounded above. 

(b) AQuj~. 

(c) = A. 

(d) A c B^. 

FoUowing the terminology for f-structures on triangulated categories, and 
also [5 and [15], we give the following definitions. 

Definition 4.7. Let [A^B) be a co-t-structure on T, and let oj AD B. 
Lt is Said that {A,B) is faithful below (respectively, faithful above j if 

Un(£zA[n] = A'riuj) (respectively, Unez B[n] — A-r{uj))- So, it is said that 
{A, B) is faithful if it is both faithful below and above. 

Proposition 4.8. Let {A,B) be a co-t-structure on T, and let uj := AV\B. 
Then, the following conditions are equivalent. 
(a) {A, B) is faithful below. 
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(b) A'' - Ar(w). 

(c) c 

(d) {A, B) is bounded above. 

Proof. (a) <^ (b) It foUows fromO 

(b) ^ (c) It foUows froni|13](b). 

(c) <^ (d) First, observe that A^ C is equivalent to the inclusion A C B^ 
since is a triangulated subcategory of T (see 12.611 . Therefore, bv I4.6[ we 
get the result. □ 

Corollary 4.9. Let {A,B) be a co-t-structure on T ■ Then, {A,B) is bounded 
if and only if it is faithful. 

Proof. It follows from l4!8l and its dual. □ 

Theorem 4.10. Let {A,B) be a bounded co-t-structure on T, and let lj := 
ACiB. Then, the following statements hold. 

(a) Är(w) = {uj'^y = (w^)^ = r, U^=Lü'' = B and M = io^ = A. 

(b) id^(C) = id^ {C) = coresdime (C) < oo for all C eT. 

(c) pdß(C) = pd^(C) = resdini^(C) < oo for all C eT. 

(d) coresdimß(C) = coresdim^ (C) < oo for all C e A. 

(e) resdini^(C) = resdiin;^(C) < oo for all C e B. 

Proof. (a) It follows from 14.8 1 14.51 and its dual. 

(b) Since lu"" — T (see (a)), we get from 14.51 (b) that id^(C) < oo for all 
C €T. Thus, (b) follows froml44l fa) and ^4, Proposition 5.17 (a)]. 

(c) Using that {A, B) is a co-i-strueture on A^ = T, we get from 13.41 that 
the pair {A,uj) satisfics the needed hypothesis in ,14, Theorem 5.6]; proving 
(c). 

(d) and (e) They foUow from 14.41 since uj"^ = A and lu^ = B. □ 

Now, we will do one application of l4.10l to the so called Rouquier's relative 
dimension which was introduced in [M]. Let X and y be classes of objects in 
a triangulated category T. Consider the subcategory (X) :— add (Uigz 
and let X()y {X *y) . Following R. Rouquier in [1^, we inductively dehne 
(A')g := and := {X)^_^ <} {X) for n > 1. So, we start with the following 
definition. 

Definition 4.11. [14, Definition 6.3] Let T be a triangulated category, X a 
class of objects in T and M G T. The X -dimension of M is 

A\mx{M) := min{n G N such that M G (<%')„+i}- 

For a class y of objects in T, we set dim^f (3^) :— sup {dim^f (F) : Y G y}. 

Corollary 4.12. Let [A^B] be a bounded co-t-structure on T, and let üo := 
AnB. Then 

(a) max{dim^(C),dimß(C)} < dim^{C) for all C eT- 
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(b) dim^(C) < pd JC) = pdß{C) < oo for all C eT. 

(c) dimß(C) < id^(C) = id^(C) < oo for all C eT. 

(d) dim<^(C) < id^(C) = id^(C) < oo for all C e A. 

(e) dim„(C) < pdJC) = pdß(C) < oo for all C e B. 

Proof. Since oj — AOB, (a) foUows from [14] Lemma 6.4 (b)]. Let X be any 
class of objects in T and M e T. Since X C (X) , we get by [Hl Proposition 
6.6], that dim;i'(M) < min {rcsdim;\:'(M), coresdim;(:'(M)}. Hence, the result 
foUows from 14.101 □ 

We recall the following well known notions that will be useful in what 
foUows. 

Definition 4.13. Let uj be a class of objects of the triangulated category T, 
and let ft := Uigzaj[i]. It is said that u is a cogenerator in T, if = {0}. 
Dually, UJ is a generator in T, if = {0}. 

Remark 4.14. Let ui be a class of objects of the triangulated category T. So, 
by induction and using the definition of A-j-(u}), it can be seen that oj is both 
a generator and a cogenerator in the triangulated category A7-(a;). 

Proposition 4.15. Let X — add (A:") be a cosuspended subcategory of T and 
let Lü be an X-injective weak- cogenerator in X. Then, r\i(ziX[i] = {0} if and 
only if üj is a cogenerator in At-(A'). 

Proof. First, by [131 we have that Är(A') ^ X^ = U„>o X[n] . We assert 
that riiez X[i] C -^QnÄriX), where fl Uez Indeed, let M £ X[i] 
and j G Z. Hence M = X[j - 1] for some X e X, and so Hom(Af, ~ 
Hom(X, = for any W £ oj, proving the assertion. 

Assume that üj is a cogenerator in A-j-{X). Hence n AriX) = {0} and 
by the assertion above, it follows that fligz X[i] = {0}. 

Suppose now that rii^zX[i] = {0}. Let Y e Ar{X) be non-zero. We 
prove the existence of an integer £ such that Hom(Y,a;[^]) ^ 0. Indeed, since 
ÄriX) = U„>oX[n], there is n e N with Y = X[n] for some X € X. 
Furthermore, using that X[n] = X[n~i][i] and the fact that X is cosuspended, 
it follows that F G ^"[1] for any i > n. On the other hand, since Hj-gz X[j] = 
{0}, we have that there is some jo < n such that Y ^ -^[jo]. We assert that 

Y ^ X[i] for any i < jo. It follows from X[i] = X[i — jo][jo] Q -^[jo] and 

Y ^ '^[io]- Now, we set i := min {s : jo < s < n and F G ^"[5]}. So we have 
F[— G X and then, by using that w is a weak-cogenerator in X, there exists a 

distinguished triangle X'[-l] ~> Y[~£] W ^ X' with X' e X andW e uj. 
Hence, the morphism / : F[— W is non-zero. In fact if / = 0, then 
Y[-f] would be a direct summand of X'[-l] G X[~l], and so Y[-e+l] G X; 
giving a contradiction since Y ^ X[£ — 1]. Thus Hom(y, / 0; proving 

the result. □ 
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Definition 4.16. Let {A,B) he a co-t-structure on T. It said that the pair 
{A,B) is non-degenerate below (respectively, non-degenerate abovej if 

niGZ-4.[z] = {0} (respectively, n^gz^W = {0}/ So, it is said that {A,B) is 
non-degenerate if it is both non-degenerate below and above. 

Proposition 4.17. Let (X,y) be a bounded below co-t-structure on a trian- 
gulated category T, and let uj :— X f] y . Then, the following conditions are 
eguivalent. 

(a) {X,y) is non-degenerate below. 

(b) Lü is a cogenerator in T. 

Proof . It foUows from OSl EU (a) and ES] (c) . □ 

Corollary 4.18. Let [X^y) he a bounded co-t-structure on a triangulated 
category T, and let uj := Xny. Then, the following conditions are equivalent. 

(a) {X,y) is non-degenerate. 

(b) Lü is both a generator and a cogenerator in T. 
Proof. It follows from 14.171 and its dual. □ 

Corollary 4.19. There is a hijective correspondence X i~> [X,A-t-{X) Fl 
X-^[—l]) between cosuspended subcategories X — a,c\d{X) of T such that 
X n 1] is both a weak-cogenerator in X and a cogenerator in A-y-{X), 

and non-degenerate below co-t-structures {X ,y) on /S.-f{X). 

Proof. From 13.121 co-t-structures {X, y) on lS.r{X) correspond bijec- 
tively to cosuspended subcategories X oiT such that X n 1] is a weak- 

cogenerator in X. Therefore, the result follows from 14 . 1 5) and lÖTl □ 

The relationship between the different types of co-t-structures is as follows. 

Theorem 4.20. Let {X,y) he a co-t-structure on a triangulated category T. 
Then, the following statements are equivalent. 

(a) {X, y) is bounded. 

(b) (^-,3^) isfaithful. 

(c) {X , y) is bounded and non-degenerate. 

(d) T = Ar{Xf}y). 

Proof. (a) (b) It isSH 

(a) (c) Assume that {X,y) is bounded. Thus, by [Ol and HU] (b) , we 
get that T = A7-(w) for uj := X f^y-, and so bv 14.141 we have that uj is both 
a cogenerator and a generator in T. Then, (c) follows from 14.151 

(c) => (d) It follows from|4lTÜ](a). 

(d) ^ (a) Let T = Är(A' n y). Hence we get T = 'Är{X) = Är(3^). 
Therefore, by [13] and we get that {X, y) is bounded. □ 
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5. SILTINGS AND CO-i-STRUCTURES 

In this section, we show that in many cases a co-i-structure can be deter- 
mined by a silting set. We also study the relationship between co-f-structures, 
silting and relative injective classes. Following [13], we recall the notion of a 
silting class in triangulated categories. 

Definition 5.1. Let uj be a class of objects in T. It is said that uj is silting 
ifid^{uj) = 0. 

We denote by (respectively, U^^) the smallest cosuspended (respectively, 
suspended) subcategory of 7", closed under direct summands and containing 
w. 

Remark 5.2. Letui be a class oj objects inT- We define a sequence {e~(cj)}i>o 
of classes of objects ofT as follows. SeteQ{uj) :— add {Ui<o uj[i]). Assume that 
Sq (lü) , El (uj) , ■ ■ ■ ,e^_i{Lü) are already defined. Then, we define {lo) as the 
class of objects in T, which are direct summands of objects in e^_i{u!) * Sq (lu). 
It is not hard to show that = yJi>o£~ {oj) . 

Lemma 5.3. Let {X , uj) be a pair of classes of objects in T, such that uj (~ X . 
Then, the following Statements hold. 

(a) If X is cosuspended and X — aAA{X)^ then X[—l] *uj is closed under 
direct summands. 

(b) // w is silting and closed under direct sums, then w is closed under 
extensions. 

Proof. (a) Assume that X is cosuspended and closed under direct sum- 
mands. Let C e -^[^ 1] * 1^- Then, there is a distinguished triangle [— 1] 
f 

C ^ W ^ X where X € X and W £ uj. Let Z he a direct summand of 
C, hence there is distinguished triangle Z A C — > Z' ^> which splits. 

Using the octahedral axiom, we get distinguished triangles Ai : Z ^ W ^ 
V ^ Z[l] and A2 : Z' ^ V X ^ Z'[l]. By the hypothesis, we have that 
X[—l] * ui Q X * X C X; and so C £ X, giving us that Z and Z' belong to X. 
Thus V £ X (see A2), and hence from Ai, we get that Z G <-f [— 1] * uj. 

(b) Assume that uj is silting and closed under direct sums. Let A : W ^ 
X ^ W ^ W[l] he a distinguished triangle with W,W' G uj. Using that 
idu: {uj) = 0, we obtain that the triangle A splits; and hence X £ uj since w is 
closed under direct sums. □ 

Proposition 5.4. Let u be a silting class in T such that add(aj) = uj. Then 
UJ is an i^lA -injective weak-cogenerator in ^lU- 

Proof. From[5TH we know that u)U = U„>oe,7(i^). Hence, it is enough to 
prove, by induction on n, that £^(w) Q ^U[—V\ * uj for any n £ N. Assume 
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that add (w) = tu. In particular, we have that Sq{uj) = ®i<o where direct 
sums means here finite direct sums. 

U X <E (w), then therc is an split distinguishcd trianglc W' — > X — >■ 
W W'[l], whcrc W e ©j<o uj[i] and W e uj. Hcncc X e u> ^[-1] * w. 

Let n > 1, and takc X G e^iuj). Then, thcrc is a distinguished triangle 
Xn-i -> X' Xa Xn-i[l] with Xo E s^ioj), Xn-i e e;^_i(w) and X 
is a direct summand of X'. For Xq we have an spHt distinguished triangle 

W ^ Xo^W ^ W'[l], where W € ei<ow[i] and W € w. Therefore, by 
thc basc changc argumcnt (using the octahedral axiom), we get the foUowing 
commutative and exact diagram in T 



W[-l] 

1 
1 

X' 



9 

W 



= W[-l] 

1 

W > Xn-l[l] 

1 



= w 



-> ^„-l[l] 



By induction there exist a distinguished triangle C/[— 1] — >■ Xn-i — t- W" 
U where U & ^^U and W" G oj. Since Hom(®i<o = because 

oj is silting, we have a morphism a. : W' U that can bc complctcd to a 

distinguished trianglc W U A- V W'[l]. By using the octahedral axiom, 
we get the foUowing cxact and commutative diagram in T 



Xn-i > Y 

W" = 



U[-l] V[-l] > w u 

1 1 II 1 

> W > Xn-l[l] 

h[l] 

W" > > W"[l] 



u 



V 
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From the triangle U[-l] V[~l] W 4 U, it foUows that V[-l] G 
i^U[—l] since 1] is closed under extensions. Now, the triangle 1] — > 

Y -^W" -^V implies that Y e ^ Z7[-l] * uj. Then X' G * w * w since 

we have the triangle W[-l] -^Y ^ X' Aw. But a;*w C uj (see[531(b)), and 
so X' e 1] * UJ * UJ C- 1] *uj. Therefore, from 15.31 (a). we conclude 

that X £ * proving that w is a weak-cogenerator in ^ U. Finally, we 

prove that w is also W-injective. Indeed, since iduj{uj) = it follows from [TU 
Lemma 4.2 (a2)] that uj C ^U^[-l]] and using that ^U-^[-l] = ^ifU-^[-l], 
we get by [TU Lemma 4.2 (a2)] that id^^ (uj) = 0. □ 

The following result is very similar to [BJ Theorem 4.3.2(11)], which was 
proved with different techniques. 

Theorem 5.5. Lei uj be a silting class in T such that uj = add(aj). Then, 
UJ = uiU nUuj and the pair (i^U,Uuj) is a bounded co-t-structure on A7-(u;). 

Proof. Since Är(w) = Är(^Z7), it follows from [231 that Är(w) = ujÜ^ ■ 
On the other hand, bv 15.41 and 13.111 (a), we get that the pair {^U,uj^) is a 
co-t-structure on /S.q-{^U) — A-r{uj) and uj — Ci uj^ . In particular, from 
14.51 (a), it follows that U^j = uj^ and hence U^j = U^. Therefore, the pair 
{uiU,Uuj) is a bounded below and faithful below co-t-structure on A'j-{w), 
and UJ =^ nU ^. So, from l4.8[ we get that {^U,U ^) is bounded on ^^^-{w). 
Furthermore, by 14.101 (a) , we obtain that = and =14^^. □ 

Remark 5.6. Let uj be a silting class in T such that uj = add(a;). Then, by 
15.51 it follows that ujl^ — ljI^ and =U 

Definition 5.7. For a given triangulated category T, we introduce the follow- 
ing classes: 

(a) S consists of all silting classes uj of T such that add [uj) ~ uj. 

(b) Cb consists of all bounded co-t-structures {X,y) on Aj-{X ny). 

Corollary 5.8. Let T be a triangulated category. Then, the correspondence 
ip : S ^ Cb, given by Lp{uj) :— {i^U,Ui^), is bijective. 

Proof. From [STSl it follows that ip : S ^ Cb is well defined and injective. 
Let {X,y) in Cb, and consider uj :— X (ly. Since {X,y) is a bounded co- 
^-structure on A'j-{uj), we conclude bv 14.101 (a) that (p{uj) = {X,y); proving 
that if is also surjective. □ 

Corollary 5.9. Let T be a triangulated category. Then, there is a bijective 
correspondence {X,y) ^ uj X ny, with inverse uj i-^ {uiU,lJi^), between 
bounded co-t-structures {X, y) on T and silting classes uj = add (uj) such that 

Proof. It follows from ISl] and □ 

The next result characterizes when a cosuspended subcategory of T deter- 
mines a bounded co-t-structure on T. 
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Theorem 5.10. Lei T be a triangulated category, and X be a cosuspended 
subcategory of T such that X = add(A'). Then, the foUowing statements are 
equivalent. 

(a) There is a bounded co-t-structure {X,y) on T. 

(h) Är{xnx^[-l])^T. _ 

(c) There is an X-injective lo = add (w) such that /S.-y{üj) — T andoj C X. 

(d) There is a silting lj — add {lj) such that A7-(aj) ~ T and lü <Z X C 

Moreover, if one of the above conditions hold, we haue that X = ^^U = w^, 

y = u^ and uj = X ny = X nx^[-i]. 

Proof. (a) ==> (d) Assume that {X, y) is a bounded co-t-structure on T, 
and let oj = X ny. Then, by 15.91 we get that oj = add (w) is a silting class 
such that Af{uj) = T- On the other hand, since (A", 3^) is bounded, it foUows 
fromSlÖ] (a) that X = ^ uj"^ andy ^U^. 

(d) (a) Suppose there is a sihing class w such that lü X <Z ljj^ 
and A'j-{uj) = T- Hence, bv 15. 5[ it follows that {uUMu) is a bounded co- 
t-structure on T, and uj = ujU U^i- In particular, from 14.1 Öl (a), we know 
that ujU = w^. Furthermore, since w C A", it follows that i^U X and hence 
X — ^lA. 

(a) ^ (b) Let {X,y) be bounded. Then, bv lilUl fb). we get that Är(w) = 
r, where uj -.^ Xny = X f\ X^[^l] (see[3j(c)). 

(b) (c) Let A7-(A:'n A"^ [— 1]) = T. Since X \s & cosuspended subcategory 
of r, it follows from [H Lemma 4.2 (a2)], that uj -.^ X n ^"-^[-1] is X- 
injective. 

(c) =^ (a) Assume the hypothesis in (c). In particular, u is silting since 
'v\-x{i^) = 0. Thus, from 15. 5| it follows that {^U,U^) is a bounded co-t- 
structure on T and also that uj — r\ U^. Furthermore ^^U X since 
u! C X. On the other hand, since pd^{X) — idx{ij->) = 0, it follows from [T4l 
Lemma 4.2 (al)], that X C = (see [3l2] (c)); and hence X = ^U. 
□ 

6. CO-t-STRUCTURES ON D^CH) 

Throughout this section, k denotes an algebraically closed fleld and H 
an abelian hereditary k-category which is Hom-finite, Ext-finite and has a 
tilting object. We will consider the bounded derived category D^(H) which is 
triangulated and has been intensively studied (see, for example, [9] and [TÜ]). 

In this section, we give a description of the bounded co-t-structures on 
T := D''(7^). In this case, the obtained results take a more complete form 
that in the preceding section. 

In what follows, we need the following useful lemma. For details, we refer 
the reader to [3]. 
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Lemma 6.1. [3] Let oj be a set in the triangulated category D''('H). Then, the 
foUowing statements hold. 

(a) uj is a generator in D''(H) if and only if it is a cogenerator in D''('H). 

(b) Let u! be a silting class in D''(?^). Then, lü is a generator in T)^{'H) if 
and only i/ ADb(^-)(w) = D''(7^). 

Proof. (a) It foUows from [3, Lemma 2.1] since D^(?^) has a Serre duality. 
(b) (^) It foUows from SU 

(=>) By [J', Corollary 3.2 (b)], we know that, for every complex X G T, there 
is a distinguished triangle W ^ X ^ L ^ such that W £ AD6(-j^)(a;) 

and L e A£)b(^')(a;)^. If cj is a generator then L = and so X G A-j-{uj), 
proving that ADb(„)(w) = r>'>{H). □ 

Proposition 6.2. Let {X,y) be a co-t-structure on D^(H). Then, the fol- 
lowing statements are equivalent. 

(a) {X,y) is bounded. 

(b) [X ^y) is non-degenerate below and bounded below. 

(c) {X^y) is non-degenerate above and bounded above. 

Proof. (a) (b) It follows fromü^Ü] 

(b) (a) Assunie the hypothesis in (b). Then, bv l4.17[ we get that w is a 
cogenerator in D''{'H). Hence, from 16. II and 14.201 we conclude that {X,y) is 
bounded. 

Finally, the equivalence between (c) and (a), can be proven in a similar 
way we did for (a) and (b). □ 

The following result gives a characterization, in terms of generators and 
cogenerators, of the bounded co-t-structures on D''(7{). 

Theorem 6.3. Let X be a cosuspended subcategory ofT)^{TL) such that X = 
add(A'). Then, the following statements are equivalent. 

(a) There is a bounded co-t-structure {X,y) on D''(?^). 

(b) X n ^"-^[-1] is a generator .set in D''(H). 

(c) There is an X-injective set uj — add(a;), which is a cogenerator in 
Tt^'CH) andu C X. 

Proof. Since X is cosuspended, it fohows by [Ml Lemma 4.2 (a2)] that 
X n 1] is «Y-injective; and hence, it is silting. Therefore, the result 

follows from 15.101 and 16.11 □ 

Corollary 6.4. Let X be a co.suspended subcategory ofD^iTi.) .such that X = 
add(A'). If X n X-^l—l] is a generator set in T, then X^ ~ T and X is a 
precovering class in T. 

Proof. It follows from O (a) and \^JT\ (b) . □ 
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Corollary 6.5. Let {X,iü) be a pair of classes of objects o/D''(H), which are 
closed under direct summands, and let X be cosuspended. Then, the following 
conditions are equivalent. 

(a) Lü is an X-injective weak- cogenerator in X, Higz "^I*] ~ i^} '^'^'^ ~ 

(b) UJ C X C_ o;^ and uj = add (w) is a silting cogenerator set in 'D^{'H). 

(c) üJ = add(cj) C X and uj is an X-injective cogenerator set in D''('H). 

(d) u! = X D X^[—l] and lü is a generator set in D^(?^). 
Moreover, if one of the above conditions hold, we have that X = ^lA = uj'^ . 

Proof. (a) (b) By lS-lll fa) and l2.51 there is a bounded below co-t-structure 
{X,y) on D''(H). Furthermore, bv l4.15[ we get that w is a cogenerator set in 
D''(H); and so, by O and H^Ül it follows that {X,y) is bounded. Hence (b) 
foüows from lS.lDl (d). 

(b) =4> (a) Byiil it foUows that ÄDbCH)(w) = Ti^{n). Therefore, the 
condition (d) in lS.lOl holds. Hence (a) fohows bv 13.111 (a) and 14.151 

(b) ^ (c) It follows froni lOISTÖl andIO 

(a) ^ (d) It follows from [Ol iMl (a) , EI] and I4l5] □ 

Let cj be a class of objects of T)^{T-L). We say that lü is of finite type if 
there exist a finite number of pairwise non isomorphic indecomposable objects 
Wi,W2, • • • , W„ in D^(H) satisfying that add [lü) = add {{Wi, • • • , Wn}). 
In such a case, we set ind (oj) := {Wi, • ■ • , Wn] and rk (oj) := n. We also 
denote by rkK^ (TL) the rank of the Grothendieck group associated with T-L. 

Lemma 6.6. 3 The following statements holds. 

(a) If Lü is a silting set in D''(7^), then rk(a;) < rkKo (TL). 

(b) Let y = add (y) be a suspended and precovering subcategory of'D^{T-L), 
and let lü := y O -^y[l]. Then, rk (oj) — rkKQ{'H) if and only if 
Lü is a generator in D''(7^). Furthermore, if this is the case, then 

y = U^=u^. 

Proof. (a) Bv l5.41 we know that lü is Z//-injective. Therefore, the item (a) 
is just the dual of [3, Theorem 2.3 (b)]. 

(b) This is [3l Corollary 4.4]. Observe that the equality U ^ = l^uj follows 
from [SU □ 

Theorem 6.7. There are bijective correspondences 

{x,y)^y, y^Lü:=yr\^y[i] and üü^{^u,u^) 

between the following classes: 

(a) Bounded co-t-structures {X,y) on D^(H). 

(b) Suspended and precovering subcategories y = add (3^) of'D^{T-L) such 
that T:\i{yr\^y[l]) = rk/iTo {%). 

(c) Silting sets lü = add (lü) in 'D^{'H) such that rk (w) — rki^o (H). 
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Proof. By [3l Corollary 4.5] and 16.61 (b). we have that the correspondence 
y 1-^ y n ^3^[1] bctween the classes of itcms (b) and (c) is bijective with 
inverse w i— > 14^^ . 

We prove now that the correspondence {X, y) Xny between the classes 

of items (a) and (c) is bijective with inverse w A (^^ hi,U^). Indeed, let {X, y) 
he a pair belonging to item (a). Bv 15.101 and 16.31 it foUows that n is a 
silting generator in D^{'H) and y = Uxny- Hence, by applying P, Corollary 
3.2 (b)], we get that 3^ is a suspended and precovering subcategory of D''(H). 
Therefore, froni l6.6| we get that X ny belongs to the item (c). Furthermore, 
from l5.1dl we conclude that ß a{X, y) = {X, y). Let w be a class belonging to 
the item (c). In particular, bv l5.51 we have that ß{uj) = {i^ U^U^j) is a bounded 
non-degenerate co-t-structure on ^^-{lü) and tu — ^^U HUui ~ aß{üj). But, 
using the bijective correspondence between the classes of items (b) and (c), we 
get that Uuj is a suspended and precovering subcategory of Ti^^H). Therefore, 
from 16.61 we obtain that w is a generator in D''(?^); and so = D''(H) 

fsee l6.ip . proving that {^U,U^) is a bounded co-t-structure on D^(H). That 
is, ß{uj) belongs to the item (a). □ 

Remark 6.8. The item (b) in \ 6. 7| is equivalent to the following one: 

(b') Suspended subcategories y = add (3^) of T)^{'H) such that rk(3^n 

^y[i])^TkKo{n). 

Moreover, if (b') holds, then we have that lü :— y r\ ^3^[1] is a generator set 
in T>^{n) andy=U^. 

Proof. Let y — add {y) be a suspended subcategory of D''(?^), and let w := 
y n ^y[l\ be such that rk (w) = rki^o {U). Then, fromEJ] (a), we have that 
{^U,Ui^) is a bounded co-i-structure on D^(H). Thus Aijb(^f^^{uj) = T)''{'H) 
and is a generator set in D''('H) (see l5.10| ). In particular (Ai36(^) (o;))-'- = 
{0}; and therefore, from [31 Theorem 4.2 (b)], we conclude that y — Ui^. 
Finally, using [3, Corollary 3.2], we get that y is precovering in D''(H). □ 

Corollary 6.9. There are bijective correspondences 

{X,y)^X, X^uj:=XnX^[-l] and lü^{^U,Uu) 

between the following classes: 

(a) Bounded co-t-structures {X^y) on D^('H). 

(b) Cosuspended and preenveloping subcategories X — add (A") ofT)^{'H) 
such thatTk{X r]X^[-l]) ^rkKoiH). 

(c) Silting sets lü = add [uj) in 'D^{7i) such that rk (ui) = rkKo {'H). 

(d) Cosuspended subcategories X = add (A*) of'D^{'H) such that Tk{X PI 

-rk/^o(^)■ 
Proof. Let T := T)^{'H). In ordcr to prove the result, using I5T71 16.81 and the 
duality principle for triangulated categories, it is enough to prove the following 
Statement: if {X, y) is a bounded co-t-structure on T, then {y^, X°p) is so on 
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the opposite triangulated category ■ Observe, firstly, that this Statement 
is true since the boundedness property is a sclf-dual notion; and secondly, 
7~op 2± D^(H°P) where 71°^ is also an abelian hereditary /c-category which is 
Hom-finite, Ext-finite and has a tilting object (see [TÜl Proposition 1.9]). □ 

As a nice consequence, from 16.71 (b) and 16.91 (b). is the foUowing coroUary, 
saying that any bounded co-t-structure on D^('H) has two companions as t- 
structures: one on the left and the other on the right. For the convenience of 
the reader, we recall the definition of t-structure. 

Definition 6.10. 4 A pair {A,B) of subcategories in T is said to be a t- 
structure on T if the following conditions hold. 

(a) ^[1] C A andB[-l] C B. 

(c) Homr(yl,ß[-l]) = 0. 

(d) r = ^*ß[-i]. 

Corollary 6.11. Let {X,y) be a bounded co-t-structure onD^(H). Then, the 
pairs {-^X[-l],X) and {y,y^[l]) are both t-structures on T>''(n). 

Proof. From [6771 (b) and [13, Proposition 1.3], it foUows that y is an aisle 
in D^(H). Thus {y, y^[l]) is a t-structure on T>''(n). Furthermore, bvlOlfb) 
and the dual of [T31 Proposition 1.3], we get that is a co-aisle in D''('H), 
and so, 1], X) is a t-structure on D''(7^). □ 

Remark 6.12. The previous result, says that a bounded co-t-structure on 
D^{TL) is always left (respectively, right) adjacent to a t-structure on D''(7^) 
in the sense of [6] 

Corollary 6.13. Let {X,y) be a bounded co-t-structure on D^('H). Then X 
and y are functorially finite in 'D^{'H). 

Proof. It follows fromÜIlESlandESl □ 

Corollary 6.14. Let uj = add(aj) be a silting generator set in T)^{T-L). Then 
i^U and are functorially finite in Ti^CH), uiW^ — D^(7{) — and 
Tk{Lü) ^TkKoin). 

Proof. From EU] (b) and 15. 5| we know that {t^U.Uuj) is a bounded co-t- 
structure on D''(H). Hence the result follows from 16.131 and lüTfl (c). □ 

Corollary 6.15. Let uj be a silting set in D^{T-L). Then, uj is a generator in 
Ti^iWj if and only ifA{u:) = rkÜTo (^)- 

Proof. Consider lü' :— add [lu). Observe that uj' add [uj') and uj' is also a 
silting set in D''(H). 

Suppose that w is a generator in D''(H); and hence w' is so. Then by 
16.141 we get rk [lü) — rkÄ'o {T~L) since rk [uj) — rk (oj'). 

(<^) Assume now that rk(iLj) = rk/\o(H). Thus rk(w') = rki^o('H) and 
so from 16.71 it follows that [i^iU^U^') is a bounded co-t-structure on D''('H). 
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Therefore by HS] and EU we get that ADt(„)(w) = ADb(^^)(w') = B^iH). 
Hence a; is a generator in D''(H) (see 16. ip . □ 

Corollary 6.16. Let y — add{y) he a suspended subcategory of'D^{'H) and 
let ui y D ^y[l]. // rk (w) = rkKo (TL), then y is functorially finite in 

T>\n), y^Uu, and = T>^{U). 

Proof. Let rk (w) = rk/^o ("H). Then, bv l6.81 it follows that w is a generator 
set in Ti^iTi.) and y =Uuj- So thc rcsuh now foUows from 16.141 □ 

Corollary 6.17. Let X = add (A") he a cosuspended suhcategory ofT>^{T-L) 
and let uj :— X C\ X'^[—\\. If rk (w) — rkÄ^o (^); then X is functorially finite 
in D^n), X = JA and X'^ = Ti^{U). 

Proof. It follows from 16.151 and the discussion given in the proof of 16.91 □ 
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